Abstract The notion of Lehrer-concave integral is generalized taking instead of the usual arithmetical operations of addition and multiplication of reals more general real operations called pseudo-addition and pseudomultiplication.
Introduction
The integration theory makes a fundament for the classical measure theory, see [16] . The Riemann and the Lebesgue integrals are related to the additive measure (more precisely countably additive measure), which makes the base also for the probability theory. The first integral based on non-additive measures (first of all on monotone measure or capacity) was the Choquet integral [2] , see [3, 15] , which also covers the classical Lebesgue integral. On the other side, Sugeno [18] has introduced an integral based also on non-additive measures, but with respect to join (maximum) and meet (minimum) operations instead of the usual addition and product. In these approaches it was important the horizontal representation by means of the level sets of a fuzzy subset of a universe X, where the level set for level t consists of all points of X with degree of membership greater than or equal to t. The Choquet integral is based also on the horizontal approach. Further generalizations of integrals related the horizontal approach is given under universal integral [7] . The horizontal approach based on level sets has as a consequence that chains of subsets of X play the important role. Lehrer [8, 9] has introduced concave integral which is not based on horizontal approach, but considering all possible partitions. His integral coincides with the Choquet integral only when the monotone measure (capacity) is convex (supermodular).
In this paper we investigate the generalization of the Lehrer integral taking more general real operations than classical plus and product. For this purpose we shall use pseudo-addition ⊕ and pseudo-multiplication , see [1, 15, 19] .
Definition of Lehrer integral
Let Ω be a non-empty set, A a σ-algebra of subsets of Ω and v : A → [0, ∞[ a monotone set function with v(∅) = 0. Two well-known nonadditive integrals are Choquet and Sugeno integrals, see [15] . The Choquet integral [2] of a measurable nonnegative function f is given by
The Choquet integral has the property of the reconstruction of the measure, i.e., for every A ∈ A we have
The Choquet integral for finite case, step functions, is given on X = {1, . . . , n} and for (a 1 , a 2 , . . . , a n )
with a permutation σ on {1, . . . , n} such that a (1) a (2) · · · a (n) , with the convention x (0) = 0, and
. . , (n)}. The Choquet integral can be given by an equivalent formula
with A (n+1) = ∅. The Sugeno integral [18] is given on X = {1, . . . , n} and for (a 1 , a 2 , . . . , a n )
One integral is also introduced, namely, the Shilkret integral [17] given by
A set function v on 2 N is supermodular, i.e., 2-monotone or convex, if it satisfies the following inequality for all A, B ∈ 2 N :
The functional f → C v (f ) is concave if and only if v is supermodular, see [10] . Lehrer concave integral is given in the following definition, [9] .
where A i , i ∈ I, are measurable.
Pseudo-operations
We have seen that the Lehrer-concave integral as also the Choquet integral are strongly related to the usual operations of addition + and multiplication · on the interval [0, ∞]. Similarly, the Sugeno integral depends on the operations ∨ and ∧ on the interval [0, 1]. There were considered generalizations of the previously mentioned operations [1, 6, 19] . In order to find a common framework for both Choquet and Sugeno integrals, we have to deal with a general pseudo-addition ⊕ and a general pseudo-multiplication which must be fitting to each other. In general, ⊕ is supposed to be a continuous generalized triangular conorm (see [1, 5, 15] ). 
Remark 1. The structure of the operation ⊕ is described in details as an I-semigroup, see for more details in [5] .
By (PA 5), the continuity of the operation ⊕, the set of ⊕-idempotent elements C ⊕ = {a ∈ [0, ∞], a ⊕ a = a} is closed and non-empty since 0, ∞ ∈ C ⊕ . Two extreme cases are possible: C ⊕ = {0, ∞} and C ⊕ = [0, ∞]. In the first case the pseudo-addition ⊕ is isomorph with the usual addition on [0, ∞] or isomorph with the truncated addition on [0, 1]. All other cases are covered by ordinal sums of the first case, [5, 19] .
For the integration procedure we need another binary operation , which is called pseudo-multiplication. The expected properties of the integral determine the next minimal properties of which we have to require, see [5, 19] . 
(PM 4) (sup n a n ) (sup m b m ) = sup n,m a n b m (left continuity).
Pseudo-concave integral
For any a ∈ R + and any A ∈ A, the function b(a, A) defined by:
is called basic (simple) function. We can introduce a generalization of Lehrer's integral with respect to pseudo-addition ⊕ and pseudo-multiplication .
where A i , i ∈ I, are measurable. Example 1. (i) Of course that for ⊕ = + and = · we obtain the Lehrer's integral from Definition 1.
(ii) In a special case, when ⊕ = ∨, the corresponding pseudo-multiplication have to be non-decreasing, and then we have
This case cover Sugeno S v and Shilkret K v integrals, taking for the pseudomultiplication minimum ∧ and product ·, respectively. (iii) In another special case, when ⊕ is strict (strictly monotone), then there exists an increasing bijection g :
see [19] . The only left distributive pseudo-multiplication is given by
where
is a non-decreasing function, see [13, 14] . Then we have
For h = g we obtain convex g-integral, for g-like integral see [11] .
Depending on additional properties of pseudo-multiplication we can obtain useful properties of pseudo-concave integral. For example, if is associative we obtain the positive homogeneity of pseudo-concave integral. Generally, we have for two measurable functions
Concluding remarks
Our proposal of pseudo-concave integrals can be seen as a starting point for a deeper investigation of properties of this interesting functional, promissing fruitful applications in the area of multicriteria decision making and related areas. Note that a related concept generalizing Lebesgue integral was recently proposed and discussed in [21] , and it would be interesting to see the connections with the pseudo-concave integral. Another line for deeper study of pseudo-concave integrals can done for integral inequalities and relations with some classical integrals, in the spirit of our recent work [12] .
